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Special Functions 
  
1-Gamma function : 
 
  The gamma function is defined by integral 
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Examples: Express the following integration by using of gamma functions and find 
values .  
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Solution:  
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Exercises : find the value by using gamma function of the following integration 
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2- Bate function   
 
     The bate function is defined by integral 
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Note: The related between gamma function and bate . 
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Example: Express the integration following of bate and gamma function and find 
values. 
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Error function  
  
Defined error function by the following: 
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Fourier series  
 
Definition:  
                 Let )(xf  defined function on interval ).( LL then factorial Fourier series 
of function )(xf  is : 
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Where nn bandaa ,  are the Fourier coefficients 
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Definition:  
 
          A function )(xfy   is said to be even if )()( xfxf   for all values of x  
          A function )(xfy   is said to be odd if )()( xfxf   for all values of x  
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Notes:  
 

1) if for all )(,)( xgxf  are even functions then )().(,)()( xgxfandxgxf       even 
functions . 

2)  if for all )(,)( xgxf  are odd functions then )()( xgxf  odd function and 
)().( xgxf  even function. 

3) If )(xf odd function and )(xg  even function then )()( xgxf  not even and not 
odd , and )().( xgxf  odd function. 
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evennotandoddnotisfunctionfxxxf  2)()1  
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Notes :  
1) if the function )(xf  even function defined on interval ),( aa then : 
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Notes:  
 

1) When the )(xf is odd function then  0, naa  
2) When the )(xf is even function then 0nb    
3) 0)sin( n  for all value ..,.........2,1,0 n  
4) nn )1()cos(   for all value ..,.........2,1,0 n  
 
Example:  find Fourier series of function 2)( xxf   and defined on interval  
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  Example:  Find Fourier series of function xxf )( on the  interval  )1,1(    
 
Solution:  
 
Since the function xxf )(  is odd function on the interval )1,1( . Then    
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Example:  Find Fourier series of function xxf 2)(  on the  interval  )3,3(  
 
                       H.W. 
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  Errorالأخطاء  
  

  Type of Errorأنواع الأخطاء  
  

هو الفرق بين القيمة الحقيقية والقيمة  ): Absolute Error(الخطأ المطلق  -1
تمثل القيمة الحقيقية و  xeX أي إن التقريبية ويرمز له بالرمز  حيث إن  .  XXex −=X تمثل 

  .القيمة التقريبية 
  
وهو الخطأ المطلق مقسوما على القيمة التقريبية ويرمز :  )Relative Error(الخطأ النسبي  -2

 أي إن له بالرمز 
X

XX

X

e
R x

e

−
== eR  

  
  . الخطأ المطلق والخطأ النسبي  أوجد 0.0009 قيمة تقريبية للقيمة الحقيقية 0.0008لتكن  : مثال

  
   : الحل

125.0
0008.0
0001.0

0001.00008.00009.0
0008.00009.0
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e
R

XXe
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 الأعداد تمثيل 
  

Xيمكن تمثيل أي عدد حقيقي    آان بصيغة الفارزة السائبة بالشكل التالي أساس لأي 
 

kbfX *=   
   إنحيث 

f

b
k

56.731

  )( fraction يألكسرتمثل الجزء  : 
   النظام المستخدم أساس : 
   ويكون عدد صحيح الأس : 

  
X=الفارزة السائبة للعدد اآتب العدد بصيغة : مثال 

310*73156.0=X

     
  :                                                   الحل 

                                                              
  

  : ملاحظات 
  
+  . بعدد مرات الحرآةالأس ويكون 10 اليسار نضرب في إلى آانت حرآة الفارزة إذا -1

−   الفارزة  وبعدد مرات حرآة10 اليمين نضرب في إلى آانت حرآة الفارزة إذا -2
  
  

1 
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2 

ndddf ......0 21±=

ndd ....1

01 ≠d

3

5

10*24.0
10*0024.0

=

=

X

X

  
 

 الواقعة على يمين الفارزة على الشكل الأرقام من  إن حيث n يحتوي على ألكسري  الجزء 
   أرقام هي 

 غير طبيعي  فيكون عددوإلا  آانت إذا  عدد طبيعيبأنةيسمى العدد المكتوب بواسطة الفارزة السائبة 
 اليمين                                             إلى عدد طبيعي وذلك بحرآة الفارزة إلىحيث يمكن تحويل أي عدد غير طبيعي 

  

  
1               الآتيةفي النظام العشري تكون بالصيغة 

10
1

<≤ f   

1ي تكون بالصيغة                       وفي النظام الثنائ
2
1

<≤ f  

 11
<≤ f

b
b   المستخدم الأساس آان إذاوبصورة عامة  فان   

  
هي آالأتي   ***مثال وآانت 4 في حالة الفارزة السائبة بطول إعداد آنا نستخدم إذا :  ,, zyx

3*2*6 10*5846,10*2180.0,10*6359 −== − zy

**** ., yxzx +

   * .0=x

  
  فاوجد 

  
 نفس العدد الثاني وذلك بتحريك آسر العدد الذي إلى نقوم بتحويل العدد الذي يحمل القوة الصغرى أولا : الحل

  الأسين  اليمين عدد من المراتب تساوي الفرق بين إلى الأصغر الأسيحوي على 
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)10*2180.0).(10*6359.0(.

=

=

= −yx

 

  

 

 
  . ثم اوجد ناتج الجمع 4 في حالة الفارزة السائبة الطبيعية بطول إعداد إلى العشرية التالية الإعداد حول :مثال

73.3110*3290.000.21

4.106)32462.1)22.165)1
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− xxx

xxx
  H.W. 
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     Round off Errorأخطاء التدوير    
  

   : آالأتي 10 أساسةيمكن تجزئة أي عدد حقيقي في نظام 
       nk

x
k

x gfx −+= 10*10*
xf  -: آما وان الأرقام من  n لها حيث ان 

     
                                                                              1

10
1,10 <≤<≤ xx fg        

  
   :. بطريقتينحسابهيمكن  التدوير أخطاء إن
  
 الآتية الحالة يهمل الجزء الثاني لنحصل على القيمة التقريبية هذه في  ):.خطا البتر(تر خطا التدوير بالب -1

  :. القيمة آما يلي هذه المطلق في للخطأ أعلى حدا إيجاد ويمكن 

         

k
xfx 10*=
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  : للخطاء النسبي آما يلي الأعلى حيث يكون الحد  الخطاء النسبيإلىآذلك بالنسبة 

n
x

x
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x
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x f
f
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e

x

e
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110Re
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   :.آالأتي تصبح x إلى الحالة القيمة التقريبية هذهفي  :. )الخطاء المدور (ألتناسقيخطاء التدوير  -2
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  . في الأخير الرقم إلى 1 إضافةالسطر الثاني يعني 

  : آالأتيوعلية تكون القيمة المطلقة للخطاء 
  

nk                                     الحد الأعلى للخطاء المطلق هو  
xe −< 10*

2
1  

nللخطاء النسبي هو                 للقيمة المطلقة الأعلى الحد إما
x

−< 110*
2
1Re  
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  : آالأتي b في نظام أساسة xأي عدد حقيقي   تجزئةبصورة عامة يمكن:. ملاحظة
nk

x
k

x bgbfx −+= **   

xf11,1 الأرقام آما إن           منn  لهاحيث إن  <≤<≤ xx f
b

g0    

kفي حالة التدوير بالبتر فان                    -1
x bfx *=  

  :.وعلية تكون الحدود العليا للقيم المطلقة للأخطاء آالأتي 
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k
x be
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  :.  فان ألتناسقي في حالة التدوير -2
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  :. وعلية تكون الحدود العليا للقيم المطلقة للأخطاء آالأتي 

  
n

x
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2
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n=4  48261.732=xعندما للعدد) المطلق والنسبي(احسب خطأ البتر والخطاء المدور  :. مثال
  

   :.الحل

    13

3

10*8261.010*7324.0
10*73248261.0

−+=

=x

  نجد خطا البتر : أولا
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   نجد خطا المدور: ثانيا

  
3
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13

10*7325.0
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H.W.   13    اوجد الخطاء النسبي للعدد                   :. مثال 10*8261.010*7324.0 −+=x

  
   : يأتياوجد آل مما  :. مثال

  )المطلق والنسبي (  المدور للخطأا الحدود العلي -1
 )المطلق والنسبي (الحدود العليا لخطا البتر  -2

13      للعدد         10*8261.010*7324.0 −+=x
    

  :الحل 
1-   

  

4

3411

143

10*5Re

10*5.010*5.010*
2
1Re

05.0
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2
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2
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<
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e

e

  

 
2-   

 
001.0101010Re

1.0101010
3411

143

===<

===<
−−−

−−−

n
x

nk
xe

 

  
  واجب: تمارين 

 :  المعطاة n حسب قيمةاحسب مقدار الخطأ المدور وخطا البتر للإعداد الآتية  -1
    

 Number                           n  
546.25454                         4 
5.46254                              3 
0.00372                              3 
67843.27815                      4 
1.269                                   1 
1.00269                               2 
 

2- )a ( اوجد الحدود العليا للخطأ المدور) للإعداد اعلاة) المطلق والنسبي  
)     b ( اوجد الحدود العليا لخطا البتر) للإعداد اعلاة ) المطلق والنسبي  
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   تأثير أخطاء التدوير على العمليات الحسابية  
  

xلتكن  ,y يمتين تقريبيتين للعددين  ق yx ,xeyexxRe Re  :  على التوالي فان  و  وخطأ نسبي  و  بخطأ مطلق 

   عملية الجمع        -1

yxyx

yxyx

yx

y

yx

x

eee

ReReRe
+

+
+

=

+=

+

+

 

 
   عملية الطرح -2

yxyx

yxyx
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y
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x

eee

ReReRe
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−
−
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−

−

 

  
   عملية الضرب -3
  

yxyx

xyyx eyexe

ReReRe

..

.

.

=

+=

 

 
   عملية القسمة -4
  

yx

y

x

yx

y

x y

ex

y

e
e

ReReRe

.
2

−=

−=
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Differential Equations 
 

      A differential equation is a relation between the independent, dependent 

variables and their differential coefficients.  

Note: the derivative by defined )(xfy   with respect to x  

             

2

2

2

2 )(
)(

)(
)(

dx

xfd
xf

dx

yd

dx

xdf
xf

dx

dy





 

 

Types Of Differential Equations And Definitions  

  Ordinary Differential Equations 

An Ordinary Differential Equation is a differential equation that depends on only 
one independent variable. 

Example:  

222

2

3
2

22

)()(2)4

)48)21()3

1)22()23)1

zzyyyxyx

zdzxdxuduyy

yyxxyy







 

 

Partial Differential Equations 

A Partial Differential Equation is differential equation in which the dependent 
variable depends on two or more independent variables. 
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Example:  

 

0))()(()3

0)2)1

2

2

2

2

2

2

2

2

2

2

2































yx

z

y

z

x

z

z

p

y

p

x

p
z

y

z
y

x

z
x

 

 

Order of Differential Equation:  

 The order of a differential is the order of the highest derivative entering the 

equation. 

Example:  

 




























222

2

)()(2)4

)3

2)2

1)23)(1

zzyyyxyx

zduxduudu

z
y

z
y

x

z
x

yyx

 is called one-order differential equation 

 

 











































0))()(()4

0)3

8)21()2

3)1

2

2

2

2

2

2

2

2

2

2

2

2

3
2

2

yx

z

y

z

x

z

z

p

y

p

x

p

yy

xyy

 is called a second-order differential equation 

 

Degree of a Differential Equation: The degree of a differential equation is the 

highest power of the highest order derivative after making the equation free from 

radicals and fractional indices as far as the derivatives are concerned. 
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Example: find degree of the differential   23 2 )(1)( yy   

Solution: 

34

2

3
2223 2

)](1[)(

])(1[)()(1)(

yy

yyyy



  

Then the degree of differential equation is 4 

The differential equation       


























z
y

z
y

x

z
x

yyx

xyy

2

1)23(

3
2

2

are one degree  

And the equations 




























222

2
2

2

2

2

2

2

3
2

)()(2

0]][][[

8]21[

zzyyyxyx

yx

z

y

z

x

z

yy

are tow degree  

 

 Linear differential equations  

A linear differential equation is a differential equation  of the form  

 )1(........).........()()(..........)()( 1
)1(

1
)( xfyxayxayxayxa nn

nn  


  

Where )(,)(.,,.........)(,)( 1 xfxaxaxa n  are function defined with x on the interval 
bxa    

If the 0)( xf then function (1) is called a homogeneous equation  

  )2(................0)()(..........)()( 1
)1(

1
)(  

 yxayxayxayxa nn
nn

  

And if )(),.....,(),( 1 xaxaxa n  are constant coefficients the equation (2) is called linear 
homogeneous equation . 
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Example:   

  92  yyxyx  linear differential equation non homogeneous  

 052  yyyy  linear differential equation homogeneous of constant 
coefficients  

 

Solution of a Differential Equation: The functional relation-ship between the 

independent variable and the dependent variable (such as y = f(x)) which satisfies 

the given differential equation is called the solution of the differential equation.  

 

Example:   

 Is xxxy  )ln(  solution of the differential equation yx
dx

dy
x   

Solution:  

  
x

dx

dy

x
x

x
dx

dy
xxxy

ln

1ln
1

.)ln(




 

 Substation yy ,  in the above differential equation  

  xxxxxxxxxxyx
dx

dy
x lnlnlnln   

      xxxy  )ln(    Is solution of differential equation  

Example:   

  Is 2xy   solution of the differential equation 0 x
dx

dy
y  

Solution: 

  x
dx

dy
xy 22   

Substation yy ,  in the above differential equation  

 022.0 32  xxxxxx
dx

dy
y  
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 i.e. 2xy  is not solution of the differential equation 0 x
dx

dy
y   

 Example:   

  Is 022  yx  solution of the differential equation 0 xyy  H.W. 

 Example:   

  Is xx eey 232    solution of the differential equation 023  yyy   

 Solution:  

  
xx

xxxx

eey

eeyeey
2

22

122

6232







 

 Substation yyy ,,   in the above differential equation  

 
000)61812()462(

)32(2)62(3122023
222

222








xxxxxx

xxxxxx

eeeeee

eeeeeeyyy
 

  i.e. xx eey 232    is solution of the differential equation 023  yyy  

 

General solution of a differential equation: If the solution of a differential equation 

of order n contains n arbitrary constants, then it is called the General solution of 

the differential equation  

 

Particular solution of a differential equation: A solution obtained, by assigning 

particular values to the arbitrary constants in the general solution of the 

differential equation, is called its particular solution.   

 Example:  find the general solution and particular solution of the differential 

equation 212xy    if 0)0( y  and 0)0( y  

Solution:  

 
21

4

1
32 412

cxcxy

cxyxy




 

i.e. 21
4 cxcxy   is the general solution of the differential equation 212xy    

when 0)0( y  then we get the constant 1c   

 3
11 4000)0( xyccy   
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When 0)0( y  

 
4

21
4 0000)0(

xy

ccycxcxy




 

i.e. 4xy   is the particular solution of the differential equation 212xy    

Exercise:  

Q1\\ find the order and degree of all differential equations. 

   

2

5
23

1

)4(

22

)1(6)()5

)43)3

)28)1

yy

yyxyy

yyxyyy







  

 

Q2\\ prove the equation is solution of the differential equation responding  

yxyxyBxAey

yABxCxy

yyyBeAey

yyxBxAy

yxyxcxxy

x

xx












)1(...............................................)5

0.......................................)4

023........................................)3

04.........................)2cos()2sin()2

..............................................)1

2

2

22

 

  

Differential equation of first order and first degree   

 A first order linear differential equation has the following form  

   

0),(),(

0),(),(

),(







dx

dy
yxNyxM

dyyxNdxyxM

yxf
dx

dy

 

Such that NMf ,,  function contain of x or y or both  

  

Method solution of differential equation of first order and first degree   

1- Variables are separable  

2- Homogeneous equations  

3- Exact equations  
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4- Liner D.E. of order one 

5- Bernoulli's equation  

 

1- Variables are separable  

  A differential equation is called separable if it can be written as   

 0)()(  dyxgdxyf  

    To solve a separable differential equation  

1. Get all the y on the left hand side of the equation and all of the x on the right 
hand side. 

2. Integrate both sides. 
3. Plug in the given values to find the constant of integration (C) 
4. Solve for y 

 

0
)()(

0)()( 
yf

dy

xg

dx
dyxgdxyf  

   c
yf

dy

xg

dx

)()(
 

 

Example: Solve the differential equation 
x

y

dx

dy 2
  

Solution:  

ydxxdy
x

y

dx

dy
2

2
 by divide )(xy the equation  

 
22 )ln(ln

lnln2ln
22

cxycxy

cxy
x

dx

y

dy

x

dx

y

dy
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Example: Solve the differential equation )1()1( 22  yx
dx

dy
x  

Solution:  

])1ln(
2

tan[)1ln(
2

)(tan

1

1
)1()(tan

1

11
)(tan

11

1

1)1(

)1()1()1()1(

22
1

1

2
1

2

2

2

2

2222

cx
x

ycx
x

y

dx
x

dxxy

dx
x

x
y

dx
x

x
dy

yx

dxx

y

dy

dxyxdyxyx
dx

dy
x































 



 

  

Example: Solve the differential equation 
yyx

xyx
y





2

2

 

Solution:  

dx
yx

yx
dy

yx

xy

dxyxdyxy
xy

yx

dx

dy

yyx

xyx
y

)1)(1(

)1(

)1)(1(

)1(

)1()1(
)1(

)1(

22

2

22

2

22
2

2

2

2





















 

1
1

1
1)1()1(

ln)1ln()1ln(

ln)1ln(
2

1
)1ln(

2

1

11

2
2

2
22

1
22

1
2

2

1
22

1
2

22

22




















 

x

c
y

x

c
yxcy

cxy

cxy

dx
x

x
dy

y

y
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Example: Solve the differential equation   0secsincos)(sin 2  dyxydxyx  

Solution:  

   

cy
x

cdy
y

y
xdxx

cdy
y

y
dx

x

x

dy
xy

xy
dx

xy

yx

dyxydxyx











 

 

cosln
3

)(sin

cos

sin
cos)(sin

cos

sin

sec

)(sin

0
seccos

secsin

seccos

cos)(sin

0secsincos)(sin

3

2

2

2

2

  

 

Exercise: Q1\\ Solve differential equations the following  

0)1()6

)5

0)4(2)1()4

0sinsincoscos)3

0)2

)4()1

2

2

3

2











dyxydxx

xyy

dyedxye

ydyxydxx

ydyxdxe

yyx

xx

y

 

 

Q2\\ find general solution of equation 21 yyxy  and find particular solution if 

3)2( y  

 

2-Homogeneous equations of first order and first degree  

   A function f( x,y) is said to be homogeneous of degree n if the equation  

    ),(),( yxfttytxf n    ,  0t  

Example:   Show the function homogeneous and find degree  

             
xxyxyxf

xyyxyxf

xxyxyxf

29),()3

52),()2

987),()1

2

233

22
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Solution:  

 

),(

)987(

987

)(9))((8)(7),(

987),()1

2

222

22222

22

22

yxft

xxyxt

xtxytxt

txtyxttxtytxf

xxyxyxf











 

    ),( yxf  is homogeneous and degree 2 

 

),(

)52(

2

)()(5)(2)(),(

52),()2

3

2333

233333

233

233

yxft

xyyxt

xytytxt

txtytytxtytxf

xyyxyxf











 

),( yxf  is homogeneous and degree 3 

txxytxt

txtytxtxtytxf

xxyxyxf

29

)(2))(()(9),(

29),()3

222

2

2







 

),( yxf  is non homogeneous  

 

Definition: The differential equation dyyxNdxyxM ),(),(   is said to be 

homogeneous if M,Nare both homogeneous functions  

Example:  

  0)()1 22  xydydxyxyx  is homogeneous and degree 2 

   0)2 54  dyyydxx              is homogeneous and degree 5 

 

Solution of homogeneous differential equation  

The substitution vxy  (and therefore xdvvdxdy  ) transforms a 

homogeneous equation into a separable one.  

Example: Solve the differential equation              
0)( 22  xydydxyxyx    
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 Solution  

  Let xdvvdxdyvxy   

      Substation in the equation  

       

cevxcvvx

cvvx

cdv
v

x

cdv
v

v
x

cdv
v

v
dx

x
dv

v

v
dx

x

dvvxdxvx

dvvxdxvxx

dvvxdxxvxvvxx

dvvxdxxvdxxvvxx

xdvvdxxvdxxvvxx

v 




































 

)1(ln)1(ln

ln)1ln(ln

ln)
1

1
1(ln

ln
1

11
ln

ln
1

1
0

1

1

0)1(

0)(

0)(

0)(

0)()(

32

322

3222222

3222222

222222

 

 Since 
x

y
vvxy   then  

 cexyce
x

y
x x

y

x

y

 )()1(  

Example: Solve the differential equation  

                0)( 22  dxyxyxdy  

Solution: 

The differential equation is homogenous and one degree 

  Let xdvvdxdyvxy   

 dxvxxvxvdxxdvx )()( 222   
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)ln()(sin

)ln()(sinlnln)(sin

ln
1

1

1

0
1

1

1

01

01

1

11

2

22

2

22

2

22

22

cx
x

y

cxvcxv

cdx
x

dv
v

dx
vx

vx
dv

vx

x

dxvxdvx

dxvxvxdxdvxxvdx
























        

Exercise: Solve the differential equations of the following 

   

dxyxyxdy

dxyxdyxy

dyxdxyxy

dxeyxdyex

xydydxyx

dyxdxyxy

x

y

x

y

)()6

0)()5

02)2()4

0)(]1[)3

02)()2

0)()1

22

332

22

22

22













        

 

2- Exact differential equations of first order and first degree  

 Definition: The differential equation dyyxNdxyxM ),(),(   is said to be exact if to 

find ),( yxf  be a function of two real variables such that F has continuous first 

partial derivatives  

i.e. dyyxNdxyxMdy
y

yxf
dx

x

yxf
yxdf ),(),(

),(),(
),( 








  

The differential equation dyyxNdxyxM ),(),(   is exact if : 

      
x

yxN

y

yxM







 ),(),(  

Method of solution exact differential equations  

 

When the differential equation is exact  i.e. 
x

yxN

y

yxM







 ),(),(  the solution of 

following: 
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)2(..........................),(
),(

)1(..........................),(
),(

yxN
y

yxf

yxM
x

yxf











  

1- Integration equation (1) with respect to x  and y is constant and add integration 

of constant is function with respect to y  i.e.   

    )3(..........)(),(),( ygdxyxMyxf  

2-  derivative equation (3) with respect to y  reduces : 

   )4(.............)(]),([
),(

xgdxyxM
yy

yxf 







    

3- equal equation (2) with (4) we find  

     



 )(]),([),( ygdxyxM
y

yxN  

For the equation find )(yg  and integration with respect to y to find )(yg  . 

4- substation )(yg in equation (3) we get the function ),( yxf  

Example: Solve the differential equation  

    
0]3[]1[)3

0]2)2sin(2)2[cos(]3)2[cos()2

0)233()33()1

2

322

2222







dyyxdxyx

dyyxyxydxyxy

dyyyyxdxxyx

 

Solution:  

 dyyyyxdxxyx )233()33()1 2222   

   

x

N

y

M

xy
x

N
xy

y

M

yyyxNxyxM




















6,6

233,33 2222
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cyyyxxyxf

cyyyg

yyygygyxyyyx

ygyxN
y

yxf

ygyx
y

yxf

ygyxxyxf

ygyxx

dxxyxdxyxMyxf





















  

23223

23

2222

2

2

223

223

22

2

3
),(

)(

23)()(3233

)(3
),(

)(3
),(

)(
2

3
),(

)(
2

3

)33(),(),(

 

)(2)2sin(2

)()2cos(),(

]3)2[cos(),(),(

6)2sin(26)2sin(2

2)2sin(2)2cos(3)2cos(

]2)2sin(2)2[cos(]3)2[cos()2

3

23

22

22

322

322

ygyxyx
y

f

ygyxyxyxf

dxyxydxyxMyxf

x

N

y

M

yxy
x

N
yxy

y

M

yxyxyNyxyM

dyyxyxydxyxy




























 

 

   

cyyxyxyxf

cyygyyg

yxyxyygyxyxN
y

f









)2sin(
2

1
)2cos(),(

)2sin(
2

1
)()2cos()(

2)2sin(2)2cos()(2)2sin(2

23

33

 

 




















)(
2

1
),()1(),(

11

31

0)3()1()3

2

2

2

ygxxyxyxfdxyxyxf

x

N

y

M

x

N

y

M

yxNyxM

dyyxdxyx
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cyyxxyxyxf

cyyygyygyxygxN
y

M

ygx
y

M











3
3

1

2

1
),(

3
3

1
)(3)(3)(

)(

32

322  Exercise: 

solve the differential equations of the following 

 

dxxdxyedye

dyyyxdxyyx

dyxyxydxyxyx

dyyxyxdxyxy

dyxedxeyx

xx

yxyx

222

2323

2

2

2)5

0]cos[sin]cossin[)4

)()()3

0)]2sin(2)2cos(2[)]2cos(2)2[sin()2

0)42()23()1








 

 

 

Integration Factorial   

1-If a differential equation of the form dyyxNdxyxM ),(),(    

When 
x

N

y

M






   i.e. the differential equation is not exact .the integration 

factorial R  is the following: 

    

















 dyyg

dxxf

eRyg
M

x

N

y

M

eRxf
N

x

N

y

M

)(

)(

)(

)(

  

 multiplying both sides of dyyxNdxyxM ),(),(   by R  then become exact and 

we find of the solve . 

 

example: Solve the differential equation  

               0)23()43( 223  dyxyxdxyxy  

Solution: 

 xyxNyxyM 2343 223   
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0)23()43(

1

)23(

23

23

2649

2649

22332

ln
1

2

2

22

22

22





































dyxyxdxxyyx

xeeR

xxyx

xy

xyx

xyxy

N

x

N

y

M

then
x

N

y

M

xy
x

N
xy

y

M

x
dx

x

 

 

cyxyxyxf

cygygxyxygxyx

N
y

f
ygxyx

y

f

ygyxyxdxxyyxMdxyxf

x

N

y

M

xyx
x

N
xyx

y

M


































233

223223

223

23332

2222

2),(

)(0)(23)(23

)(23

)(2)43(),(

4949

 

Example:  Solve the differential al equation  

              0)43()22( 22  dyxyxdxyxy   

Solution:  

    

yxy
x

N
xyyxNyxy

y

M
yxyM

dyxyyxdxyxy

yeeR

yg
yxyy

xy

xyy

xy

yxy

xyxy

M

x

N

y

M

x

N

y

M

xy
x

N
xy

y

M

xyxNyxyM

y
dy

y

4643,4622

0)43()22(

)(
1

)22(

)22(

)22(

22

22

4624

4624

4322

222223

2223

ln

1

2

22
































































 

    cxyyx  232 2  is exact of solution  
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2- The differential equation is from )( qxdypydx   .such that qp,  are real 

numbers then the integration factorial R  : 

    11  qp yxR  

Example: Solve the differential equations.  

                  

dyxxdyydx

dyyxyydxxdy

dxxyydxxdy

dxyxydxxdy

dxyxydxxdy

1

223

3

14

32

332)5

)()4

)3

3)2

)1















 

Solution :  

 dxyxydxxdy 32)1   

   cx
y

x
cx

x

y

then
x

y
zyxzce

cx
z

c
xz

dxxdzzdxx
z

dz
dxzxdzdxxzzd

xzy
x

y
zyxzLet

dxyyxd

dxyydxxdyx

xRyxyxR

qp
qp


































4
2

2
4

2

1

4
2

42

333
3

333

1

31

321

2111111

4

1

24

1

)(2

1

sin

4

1

2

1

42

)()(

)(

1,1

 

dxyxydxxdy 143)2    

     

c
xx

y
cx

x

y

cxzdxxzdzdxzxdz

zxy
x

y
zyxzLet

dxyyxd

dxyydxxdyx

xRyxRyxR qp

























26

2
22

3

22313

3
3

3

13

143

4111311

1

2

1
)(

2

1

2

1

2

1
)(

)(

3
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 dxxyydxxdy 3)3   

    

c
xxy

thenxyzce

c
xz

dxxdzzdx
x

z
dzdx

x

z
xdz

x

z
yxyzLet

dxxyxyd

dxxyydxxdy

RyxRyxR qp




















1

)(2

1

sin

1

2

1
)(

)(

1

2

2
23

2

3
3

3

3

111111

 

 dyyxyydxxdy )()4 223   

    

cyyx

thenyxzce

cyzdyy
z

dz
dyzydz

xzyyxzLet

dyyxyyxd
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Exercise: solve the differential equations of the following: 
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